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Abstract 

Hypergeometric solutions to the g-Painleve equations are constructed by direct linearization of disrcrete Riccati equa- 
tions. The decoupling factors are explicitly determined so that the linear systems give rise to ^-hypergeometric equations. 



1 Introduction 

This article is a continuation of our previous work 1 1 1 on the hypergeometric solutions to the g-Painleve equations in the 
. following degeneration diagram of affine Weyl group symmetries 0E) : 

E m _ E m _ E (D D (D A (D _ (A2+Al) (i) _ (A 1 + | ^ 14 )0 (l) 



The list of g-Painleve equations we are going to investigate is given in section 3 below. We remark that these g-Painleve 
equations were discovered through various approaches to discrete Painleve equations, including singularity confinement 
analysis, compatibility conditions of linear difference equations, affine Weyl group symmetries and r-functions on the 
lattices. Also, in Sakai's framework |2|, each of these g-Painleve equations is constructed in a unified manner as the 
birational action of a translation of the corresponding affine Weyl group on a certain family of rational surfaces. 

In |4| we have introduced the formulation of discrete Painleve equations based on the geometry of plane curves on P 2 . 
On that basis we were able in the first part of [ 1 1 to find suitable coordinates for linearization of the ^-Painleve equations 
into three-term relations of hypergeometric functions. As a result we obtained the following degeneration diagram of 
basic hypergeometric functions corresponding to Q: 

balanced balanced i^i( ; ^ z ) / \ 

10 W 9 3<p 2 / \ \ -q ) 



if" 1 1 b ;<•/-;: 

This shows the usefulness of geometric consideration in the study of particular solutions of discrete Painlee equations. 
In order to determine explicit solutions to those equations written in the literature, further steps of precise computations 
are required since the variables to be solved are fixed in advance. We have shown only the results for them in the second 
part of 1 1 1 . The purpose of this article is to present these explicit solutions including subtle gauge factors and to show the 
calculation in detail based on the direct linearization of discrete Riccati equations. 

This article is organized as follows: In section 2, we explain the procedure to construct hypergeometric solutions 
through the linearization of discrete Riccati equations. We demonstrate this procedure by taking the case of Ei as an 
example. In section 3, we give the list of g-Painleve equations and their hypergeometric solutions, with the data that 
are necessary for constructing solutions. Among the cases in the diagram Q we have excluded the case of D ( ^\ since a 
complete identification of hypergeometric solutions has already been given in [5 1. 
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2 Construction of Hypergeometric Solutions 



2.1 Discrete Riccati Equation and Its Linearization 

The g-Painleve equations admit particular solutions characterized by discrete Riccati equations for special values of pa- 
rameters. Reduction to discrete Riccati equation has been already done for all the g-Painleve equations (3] |5| [7] We also 
note that such special situations have clear geometrical meaning, as was discussed in The basic idea for constructing 
hypergeometric solution is as follows: we linearize the discrete Riccati equations to yield second order linear g-difference 
equations. We then identify them with the three-term relation of an appropriate basic hypergeometric series. 
Let us explain this procedure in detail. Suppose we have a discrete Riccati equation of the form 

- Az + B ™ 

where z - z(t) and z = z(qt). We also use the notation z = z(t/q), and so forth. Moreover, the coefficients A, B, C and D 
are functions of t. First let us put an ansatz 

F 

Z ~G (3) 

Then the discrete Riccati equation is linearized to 

— = AF + BG, — = CF + DG, (4) 
H H 

where H is an arbitrary decoupling factor. Eliminating G from eq.(@} we have for F the three-term relation 

H B 

F + ciF + c 2 F = 0, ci = (AB + BD), c 2 = —HH(AD - BC). (5) 

B_ B_ 

The three-term relation for a basic hypergeometric series often takes the form 

Vi (5> - O) + V 2 <D + V 3 (0 - G>) = 0, (6) 

where the coefficients Vi, V 2 and V3 are factorized into binomials involving the independent variable and parameters. 
Comparing eqs.(|5j with we have 

— = 1 + c\ + c 2 , — = c 2 . (7) 
V\ V 2 

We look for the decoupling factor H so that these quantities factorize. We then identify the three-term relation with that 
for appropriate hypergeometric function. This is done by trial and error with the aid of computer algebra, but it is not 
practically difficult since we already know the hypergeometric function and its three-term relation to appear for each 
g-Painleve equation. 

Step 1. Find the decoupling factor H such that 

— = 1 + ci + c 2 , — = c 2 , (8) 
V\ v 2 

factorize. Then identify the three-term relation 

Vi(F -F) + V 2 F + V 3 (F - F) = 0, (9) 

with that for an appropriate hypergeometric function. 
Similarly, we have for G the three-term relation 

// C 

G + d\G + d 2 G = 0, di = -— (DC + CA), d 2 = —HH(AD - BC). (10) 
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However, usually 1 + d[ + d% does not factorize for H obtained above. Replacing G with kG (k = kK), we have 

01) 

/c G 

G + d\G + d 2 G = 0, di = -— (OC + CA), <i 2 = --HF(AD - AC). (12) 
— £C — — C_ kk 

We then look for A; so that \+di+d2 factorizes, and identify ea. J12> with the three-term relation of the same hypergeometric 
function as F with different parameters. Putting H/k — K, this is equivalent to the follwing procedure: 

Step 2. In the three-term relation 

g Q 

G + d x G + d 2 G = 0, d x = —^(DC + CA), d 2 = —KK(AD - BC), (13) 
find decoupling factor K so that 

U 2 U 3 

-l = \+d 1 +d 2 , — - = dz, (14) 
U\ U 2 

factorize. Then identify the three-term relation with that for an appropriate hypergeometric function. Now we have 

,_i2|. f =t , l-K ,15) 

K #2T K K 

where <S> and^H are some hypergeometric functions, and 8i (i — 1,2) are constantsf gauge factors). 

Finally we determine the gauge factors 6\ and 6 2 : 
Step 3. Compare the linear relations, 

^1— = A0i<D + kBOzV, ^— = C6»i0> + KDfoV, (16) 
H H 

with contiguity relations of the hypergeometric functions to determine 6\ and 6 2 . 

2.2 An Example: Case of E ( 7 Y) 

In this section we demonstrate the construction of the hypergeometric solution to the g-Painleve equation of type E~ ' as 
an example, following the procedure in the previous section. 

Before proceeding, let us first summarize the definition and terminology of the basic hypergeometric series |9|. The 
basic hypergeometric series r tp s is given by 

/ a u ...,a r \ (auq)„---(a r ;q) n r fH 1 "-' . 

(a; q) n = (1 - a)(l - qa) ■ ■ ■ (1 - g" _1 a). 
The basic hypergeometric series r +i<Pr is called balanced 1 if the condition 

qa\a 2 ■ ■ -a r +\ = b\b 2 ■ ■ -b r , z-q, (18) 
is satisfied, and is called very-well-poised if the condition 

qa\ = a 2 b\ = ••• = a r +\b n a 2 = qa^, a 3 = —qa\, (19) 
'The "balanced 3^2" in the diagram Q is due to the convention that was used in 1101 . 



(17) 
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a x ,qa^ , —qa~ x , a 4 . . . ,a r+ i 
1 2 

a\ , -a\ , qa x /a 4 , . . ., qa x /a r+x 



is satisfied. A very-well-poised hypergeometric series r +\<p r is denoted as r+x W r : 

r+x W r (a x ;a 4 ,...,a r+x ;q,z) = r <fi. 

Now the g-Painleve equation of type Ei' is given by l2l|3) 

(fg-tt)(fg-t 2 ) = (f-b x t)(f-b 2 t)(f-b,t)(f-b 4 t) 



,q,z 



(20) 



(fg-t 2 )(fg-tt) 



(21) 



(fg-Wg-V 



1 

b~s 



1 



1 



1 



where t is the independent variable and bid — 1 , . . . , 8) are parameters satisfying 

7 = qt, b x b 2 bib 4 - q, bsb(,bib% = 1. 
Proposition 2.1 /« case ofb x b 3 — b^b-j, ea. \21\ admits a specialization to the discrete Riccati equation, 

(ft-\)f + t[-{b b + b % )t + (b 2 +b 4 )) 



f 



{-(be + b % ) + (b 2 + b A )t}f + b 6 b % (\ - it) 

(t 2 - l)b 5 b 7 g + t {(b x + b 3 ) - (b s + b 7 )t} 
{t(b x +b,)-(b 5 +b 7 )}g + (l-t 2 ) 



(22) 



(23) 



(24) 



As was pointed out in , in the cases of eYI g the variables / and g are not expressed by ratio of hypergeometric functions 
We choose the variable as 2 

g ~ t/bi 



g- ^bs' 

Then the discrete Riccati equation d23i and J24> is rewritten as 

_ Az + B 



(25) 



Cz + D 7 



with 



A = b\bs(-bi + b 5 t) 

x b 4 b(,b&q 2 t 3 + (b x b 4 bs - b 2 bs - b x b 4 b b - b x b 4 b% - b^b^b^qt 2 

+(b x b 2 4 + b 4 b 5 b 6 q + b 4 b 5 b s q + b x b 6 b%q - b 4 b 6 b & q)t - b x b 4 b 5 



B 
C 
D 



= -(bi - b 4 )b 2 5 (bib 4 - qb 6 bii)t(b 5 - b 3 t)(-l + qt 2 ), 
= -b\b 4 Q>5 - b 6 )(b 5 - h)(b 3 - b 5 t)(-l + qt 2 ), 
= b x b 5 (b 5 -b 3 t) 



-b x b 4 b s qt + (b\b A + b 4 b 5 b(,q + b 4 b 5 b%q + b x b b b%q - b 4 b 6 b%q)t 



+(b x b 4 b 5 - b 4 b 5 - b x b 4 b 6 - b x b 4 b% - b 5 b 6 b & q)t + b 4 b 6 b% 



(26) 

(27) 
(28) 



(29) 



This variable z should be understood as a ratio of r functions. 
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Step 1. We choose the decoupling factor H as 



H = l - . (30) 

qb x fa(fat - b 3 )(fat - fa)(b 4 t - fa)(b 4 t - fa) 

Then we have for F the three-term relation 

ViCF -F) + V 2 F + V 3 (F - F) = 0, 

Vi = fr 5 (fr 3 - b 4 )(fab 4 - gb 6 fa)(-l + r)(l + Q(-l + <?f 2 ) 

Vi q(fa-fat)(-b 6 + b 4 f)(-fa+b 4 t)(-b 3 +fat) ' (31) 
V3 _ (fa - fat)(-fa + fat)(-b 4 + b 6 t)(-b 4 + fat)(-l + qt 1 ) 
Vi {fa - fat)(-fa + b 4 t)(-fa + fatX-fa + fat)(-q + t 2 ) ' 
The three-term relation for the very-well-poised basic hypergeometric series 



is given by II II 



q 2 a 2 ) 

ao;a\,a2,a 3 ,a 4 ,as',q, |, (32) 

U\CL2U 3 Cl 4 CLs 



f/l(<5 - 0)) + U 2 + U 3 (0 - O) = 0, <D = <D \ a2 ^ qa2 ^a 3 /q, = 



a 2/\ a 2 / \ Oia 3 )\ a 3 a 4 j\ a 3 a$ ) 



Ui = ! . . . -, U 3 = f/iU^, (33) 



«3 / \ fl3 

t/ 2 = ^ 1 1 - ^ I (1 - a,)(l - a 4 )(l - a 5 ). 

a\a2a 3 a 4 as \ a 2 a 3 / 

Comparing eqs.OU with j33L we identify F with gW 7 as 



F oc gWj\ ; , — , — , — , — ;q, — . (34) 

\fafa fa fa fat fa fa fa 



Step 2. We choose the decoupling factor K as 



K= . (35) 

fafa(qfat - fa)(fat - fa)(b 4 t - fa)(b 4 t - fa) 

Then we have for G the three-term relation 

Xi(G -G) + X 2 F + X 3 (G - G) = 0, 

Xi = faifa ~ b 4 )(b x b 4 - fafa)(-l + Q(l + Q(-l + qt 2 ) 

Xi {fa - bit)(-fa + b 4 t)(-fa + b 4 t)(-fa + qfat) ' (36) 

X 3 _ (qfa - b 3 t)(-bi + b 5 t)(-b 4 + b 6 t)(-b 4 + fat)(-l + qt 2 ) 
Xi (fa - bit)(-fa + b 4 t)(-fa + b 4 t)(-fa + qfat)(-q + 1 2 ) ' 
Comparing eas. (l36> with fl33i . we have 

Gcc 8 W 7 (^^-— — — — ^1- (37) 
\fabs ' bs ' bs ' bst' fa' fa' be, J 



Moreover, from k = H/K = (1 - b 3 fqfat)/(l - fa/b^t), we have k — 1 - b 3 jb^t. Therefore we obtain 

8 W 7 



1 



2 \ 

flo; qa\,a2, a 3 , a 4 , 05; q 



a\a 2 a 3 a 4 as ) 

zoc — IT — 7 — — ~ (38) 



l -fat M 



q % 

CIq, CL\y Cl2-> @3-> @4-> 
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with 



b,b 



l»8 



b 3 b 5 



b% b^ b\ 

a\ = — , a 2 = — , «3 = TT' 

bs b 5 bst 



b 2 b\ q 2 al 
«4 - — , as = — , 

03 03 flifl2fl3fl4fl5 £>6 



Step 3. Let us put 



F — 6(qa\,a2,ciT,)<i>(qa\ 1 a2,ai), G — 6(ai, 02, a3)<t>(a\, 02, 03), 



^. (39) 



(40) 



where 6(01,02, 123) is a gauge factor to be determined. Here, we have omitted the dependence of ao, «4 and 05, since they 
are not relevant to the calculation. Then linear equations d!6i yield 



1 6(qa u qa 2 ,a 3 /q) A 6(qa l ,a 2 ,a i ) 

<I>(qa[,qa2, a^jq) — — <v(qa\,a2, 03) + <P(ai, «2, 03), 



and 



kHB 0(01,02,03) 
k 9(a\,qa 2 ,a-}/q) 



kB 9{o[, 02,03) 



C Q{qa\,02,03) 

<$>(ai,qa 2 , a^/q) — — <S>(qa l ,a2, a 3) + ®(flu a 2, fl 3X 



kHD 6(01,02,03) kD 6(01,02,03) 

respectively. Now, we have the contiguity relations for O = g W7 II II 



(41) 



(42) 



a, 1 



apq 

0\03 



apq 

0\04 



apq 



1 - 



(a\ ~ ai) 



apq 
a\ 

a 2 q 2 > 



010203040^ > 



Q>(a\lq, a 2 , a 3 ) - (a\ <-> a 2 j 



(43) 



0(fli, 02, 03), 



(fla-l) 1 



«2 



1 1 0(fli, fl2, 03) 

? A "i / 



= I a 2 - — I 1 - — — I Q>(ai/q, a 2 , a 3 ). 
q )\ a\a2l 



(44) 



We denote eas. J43> and J44l > as CR\[a\, 02,03] and CR2[ai, a 2 , 03], respectively. Moreover, note that the relations 
CRl[ai, 02,03] an d CR2[a\, 02,03] hold for any permutation of a \ , 02 and 03, since these parameters are on equal footing 
in $> = 8 W 7 . 

Now we eliminate <&(ai,02, 03 /q) from CRl[ai, 03, 02] and CR2[«3, 02, a\]. Shifting a\ to qa\, we have a linear rela- 
tion among <S)(a 1 ,qa2,a3/q), <!>(«!, «2, 03) and <b(axlq, 02, 03), which should coincide with eq. (I41l i. Similarly, eliminating 
$}(qa\,a2,a3lq) from CRl[gai, 03,02] and CR2[«3, flj, 02], we have a linear relation among <S>(qa\, 02, 03), <$>(a\, 02, 03) 
and <b(a\,a2,a3lq). Elimination further <5)(a\, 02,03) 'q) from this relation and CR2[a3,a2,ai] yields a linear relation 
among <&(ai,qa 2 , 03/ 'q), <$>(qai, 02, 03) and <5(ai, 02, 03), which should coincide with ea. J42l >. From these calculations, we 
find that 6(a\ , 02, 03) should satisfy 



6(a\,qo2, 03/ q) 


( a o) 


j a 3 a 5 \ 
apq j 








6(01,02,03) j 




K 1 -- 


) 




\ bgqt 



6(qa\, 02,03) a\ b3 

6(01,02,03) ao b\ 

6(qai,qa2,a3/q) 6(a\,qa2,a3lq) 6(qa\, 02,03) 

6(01,02,03) 6(01,02,03) 6(0.1,02,0.3) 



(45) 



which yield 



6(a\,a2, 03) — 



«2 030^ a\ \ 
a q' a q ' a q) o 
020$ 03 
aq ' aoq 



b3t bi b3 
qb s ' qb%t qb\ 
b^t b3 
qbg ' qbgt 



(46) 
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Therefore we arrive at the final result 

1 0{qo.i, a.2, a-i) <b(qau ®2, CI3) 
z — 

j £>3 0(01,02,03) 0(fli, 02,03) 

b 5 t 



1-^ sW 7 



b 



flo; qa\,a2, «3, «4, 05; q, 



0102030405 



(47) 



b 3 1 J-J- 

x -b7t w 



q% 

(Zq, CL\ 9 CI2, &4, Cl5\ ^, 



3 Hypergeometric Solutions 

Hypergeometric solutions to other g-Painleve equations can be constructed by the same procedure as that was demon- 
strated in the previous section. Instead of describing full procedure, we give a list of equations, solutions and the other 
data that are necessary for construction of solutions. We note that the case of D ( }^ is omitted as mentioned in the introduc- 
tion. 

3.1 Caseof4 1} 

3.1.1 Equation and Solution 

(1) g-Painleve equation l3ll6llT2l 

(git - f)(gst -f)- (ft 2 - \){s 2 t 2 - 1) P(f, t, m x ,..., mi) 



1 \ P(f,r l ,m 1 ,...,m i y 



(fst-g)(fst-g)-(s 2 t 2 -l)(s 2 t 2 -l) _ P(g,s,m 7 ,..., mi ) 

L,)IL -,Ui- ' )(i 1 ^ p< ^'*» ™' ) ' 



St j \ St 



where 



P(f, t, mi, ... , m,) =f- m x tf + (m 2 t 2 - 3 - ? 8 )/ 2 

+{m 1 t 1 - m 3 t 3 + 2m\f)f + (f - m 6 t 6 + m 4 t 4 - m 2 t 2 + 1), 

and rrik (k = 1 , 2, ... 7) are the elementary symmetric functions of k-th degree in bi (i = 1 , 2, . . . , 8) with 



Moreover, 

(2) Constraint on parameters 1 6 1 

(3) Hypergeometric solution 



- — + — 

[bg s 



(48) 



(49) 



b l b 2 ---H = \. (50) 
t = qt, t = qis. (51) 
qb\b-ib$b-i = 1, b2b A b 6 b% = q. (52) 



\bi sj <b{q A ao;a\,q 2 02,...,q 2 a 1 ) 
Z — ; r = A , (53) 

s bA O(flo;ai ■■■ ,07) 
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where Q> is defined in terms of the balanced 10W9 series by 

0>(ao; ai,..., a 7 ) = \oW 9 (a Q ; a u . . . , a 7 ; q 2 , q 2 ) 



2 a ~> 2 
q L ao, —\q l 



-n 



q^a 7 2 

a*, — ;r 

a k 



'ao <l 2 a 2 _ ^ j_f / g 2 ap 0*07 _ 2 \ 
ao ,q \ a k ' a ) 
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a~i a\a-i 
a ' ao 



,ar,q ,q \ 

ao ) 



Here, a,- (i = 0, 1 , . . . , 7) and /} are given by 



a 



1 



qb\b 2 bi 



a\ 



b 2 bzt 2 



a 2 



b 2 bg 



Oi= p-(i = 3,5,7), a, = £.(j = 4,6), 



and 



A = 



bib 4 b 6 
b*s 2 



M 8 A wl *sA *sA ^i^^/JsIt' Mi ' 



respectively. 

3.1.2 Data 

(1) Riccati equation 



1 


/ 


8 


fg 


1 


h 


81 


f\8\ 


1 


h 


83 


h8i 


1 


h 


85 


f585 



where 



The Riccati equation for z 



1 

bit' 



1 




8 


fg 


1 


h 


8& 


f&8s 


1 


fe 


86 


fg 6 


1 


A 


84 


U8a 




s 


bi 




= 


h 


+ —. 

s 





= 0, 



8-81 : 

8~8& 



is given by 



__ Az + B 

Z ~ Cz + D' 

B = -f358ii8i5d' U6S , 

C = /46l48l68^B58, 

D = -f35f46fl&8l38l584g8~6g> 

A=AD-BC = fl3f35fl5f46f4&f6&8n8l58358l&84684&86&8l!,, 



where f u =fi- fj and 



'1358 - 



1 


h 


81 


fi8i 


1 


h 


83 


f383 


1 


h 


85 


f585 


1 


h 


8& 





d 1 A 



1 fi 81 /i£i 

1 U 84 U8_4 

1 f 8_6 f8_6 

1 h 8s f&gg 



respectively. 
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(2) Three-term and contiguity relations for hypergeometric function 1131 
(a) Three-term relation 



t/i(<D - <£) + U 2 ® + t/ 3 (0 - O) = 0, 



where 



Ui = 



-nil :i -J^n - 



g 2 flp 

«2 



( l_«-*)fT(l_«-3>) 

i)rf(l- flj ), U 3 = U 
1 1) J 



U 2 = -(«i -a 2 ) 1 - 



1 Ifli *->fl2 ' 



(D = <f>(ao;ai/q 2 , q 2 a2, «3, . . . , 07), O = O(ao; q 2 a\,a2lq 2 , 03, ... , 07), 
and O is defined by ea. J54> . 
(b) Contiguity relations 

cD(ao; o\/q 2 , q 2 ci2, 03, ... , 07) — ^(flo; a\,ai, 03, ■ ■ ■ , 07) 
= V\ <f>(q Oq', ai,q 2 ci2, . . . , q 2 ai), 

V2 <t>(g a () ;a\,q ci2,q aj, . . . ,q a.7) — V3 0(g a ; g d\,a<i, q~ai, . . . , q cij) 
= V4 <I>(flo',fli,fl2, 03, ... , 07), 



where 



q^a q a 2 



«2 



1 - 



1 - 



fllfl2 

q 2 a 



(1 - tf 2 fl )(l - g 4 ao)]~~[(l - fly) 



7=3 



1 - 



fl] 



1 - 



4 

fll 



-SH'-^JQl'- 



<? 2 <V 



V 2 = 



n-^Ui 1 -—) 



fll 1 



q 2 ao 
fll 

_ ®1 
fll 



1 - 



4 

fll 



v 3 = v 2 | fl 



n 



v 4 



7=3 



tf 2 fl 



(3) Decoupling factors 



D 

H = — 



(1 -fl 2 fl )(l -q 4 a ) 
fit 



A /l3/l5/48/68g35gl8g46#18 



1 

# = - 



1 



D /35/46/l8gl3gl5g 4 8^68 



so that 



(4) Identification 



k - — - — - / 35 / 46 /l 2 8gl3gl5g 4 8g68 
^ A /l3/l5/48/68g35g46#18 



1 

Z= , F oc 0((7 4 fl ( ); flj, o 2 fl2, . . . , q 2 a-i), G oc <I>(ao; «i . . . , 07), k — k.K, 

k G 



where a,- (i = 0, . . . ,7) are given by ea.J55>. 
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(5) Gauge factors 
Putting 



we have: 



AO 0/10 

F — 8(q ao; ci\,q a 2 , . . . , q aj)<J>(q ag; a\,q a 2 , . . ., q ai), 
G = 0(ao; a\ . . . , aj)(t>(ao; a\ . . . , a-j), 



9(ciq; ci\ I q , a 2 q , . . . , a-f) 1 6{qao\a\,qa 2 , ■ ■ ■ ,qai) 

= 1, = A. 

6(ao; oi . . . , ai) k 0(ao; a\ . . . , a-j) 



3.2 Case of Ef 

3.2.1 Equation and Solution 

( 1 ) g-Painleve equation lPl ll4M15l 

(f-b 1 f)(f-b 2 f)(f-b 3 f)(f-b 4 f) 



(fg ~ Wg ~ 1) = tt ■ 



(fg - Wg - i) = f 2 



1 w 1 w 1 



~bi)\° b 2 )\° hiy b 4 j 



t = qt, b\b 2 b 3 b 4 — 1. 

(2) Constraint on parameters (3] 1151 

bib 2 = b 5 b 6 . 

(3) Hypergeometric solution 



1 i-h 

b\ b\ <f>(qa,b,c,d,e) 



g-tb(, bibib^t <$>(a,b,qc,d,e)' 



b 5 

where is the balanced 3^2 series defined by 



with 



^, 1 j \ ( a,b,c de\ 
<t>(a,b,c,d,e) = «p 2 { de ;q,—y 



hb 5 b 3 2 b 3 b 2 5 

a - , b — — , c — b x b 2 b 3 , d = q— — , e — qb\b 2 b v 

t b 2 b 2 



3.2.2 Data 
(1) Riccati equation l01fT5l 

b 5 t 

- _ 1 + b^b 2 f ~ bl ~ h) 1 + b 6 t(b 3 b 4 g -b 3 - b A ) 

8 f-tbs ' g-tb 6 

The Riccati equation for 

g-l/bi 

z ~ 



g-tb 6 
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is given by, 



__ Az + B 
Z ~ Cz + D' 



A = bib s (b 3 b 5 - t)(b 5 - b l b 2 b 3 t)(-b 2 + b s qt), 

B = -b\t(b x - bi)(-\ + b\b 2 b 3 ){-b 2 + b 5 qt), 

C = qtb\{bib 2 - b 5 )(bib 2 + b 5 )(b 3 b 5 - t)(-b 5 + b x b 2 b 3 i), 



D = -b 5 

'.3 



b x b 2 b 3 b\ + (-b]b 2 2 b 3 b 5 - b\b\b^q - b 2 b 3 b 3 5 q)t 



9 x b\l 

\2 _i_ U. 1,2 . 



+{b\b l 2 - bjb^bs + b\b\b\ - b x b\ + b 3 bj + b\b 2 b 3 b\ + b\Wp 3 b\ - b\b 2 b\b\ + bfbfab&qt 1 
-b\b\b 3 b 5 q 2 ? . 

(2) Three-term and contiguity relations for hypergeometric function 1 10 1 
(a) Three-term relation 



Vi (<t> - <t>) + v 2 <t> + y 3 ($ - $) = o, 



where 



*-(,-!) 

<D = b, c, d, e) = 3 ip 2 
(b) Contiguity relations 



(I -a), V 2 = (l-bXl-c), V 3 = - 

z) z 



a,b,c 
d,e > q > Z 



de 



abc 



* = ®\a^al Q ■ 



(3) Decoupling factors 



(a — c)<f>(a, b, c,d, e) + (1 - a)<b(qa, b,c,d,e) — (1 - c)<I>(a, £>, gc, of, e) = 0, 

(a - c)(de - abc)(S>(a, b, c, d, e) + bc(d - a)(e - a)<&(a/q, b, c, d, e) 
—ab(d - c)(e - c)0(a, b, c/q, d, e) = 0. 



H 



K = 



bihb^-bs + b 2 b 2 t)(b 5 - b x b 2 b 3 f){b 2 - qb 5 t) ' 
1 

bib 3 b 5 (-b 5 + b 2 b 2 t)(b 5 - qb x b 2 bit){b 2 - qb 5 t)' 



H bs - qb\b 2 b 3 t 



(4) Identification 



K 



1 F 
z = - —, 
k G 



K= 1 



b\b 2 b 3 t 



b 5 - bib 2 b 3 t b 5 
F oc <$>(qa, b, c, d, e), G oc <t>(a, b, qc, d, e), 



where a, . . . , e are given by eq.j77L 



(5) Gauge factors 
Putting 

we have: 



F — 9(qa, b, c, d, e)<b(qa, b, c, d, e), G — 6(a, b, qc, d, e)0(a, b, qc, d, e), 



6(a, b, c, d, e) 0(qa, b, c, d, e) b 3 0(a/q, b, qc, d, e) 

6(a,b,qc,d,e) 6{a,b,qc,d,e) b\ 9(a,b,qc,d,e) 
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3.3 Case of Af 

3.3.1 Equation and Solution 

(1) g-Painleve equation 1 3 1 



ff = 



l + a 3 f 

s ) a 2 s) 



(2) Constraint on parameters 1 3 1 

(3) Hypergeometric solution 



1 +g/a 3 

i 

t — qt, t — qzs. 

2 -A 

0102^3 = q 2 ■ 



1 0(ai,Qr 2 .z) 



. / = 



a 3 



1 - - 

V a 2> 



$>(qan,qa 2 ,z) 
<t>(ai,qa 2 ,z) ' 



where <& is the 2 <Pi series defined by 



with 



0(ari,Qr 2 ,z) = 2<? 



ai, ff2 




;?,z 



Note that the solution is also expressible in terms of \<p\ series by using the formula 1161 . 



2<P\ 



a, b 



;q,z 



(bz; q)o 
(z; q)oc 



bz 



;q,az 



3.3.2 Data 

(1) Riccati equation 1 3 1 



2 J~ a \ 



f + — t 

a\t 



-a 3 g + 



(l 1 V 



a\a 3 t) 

(2) Three-term and contiguity relations for hypergeometric function 
(a) Three-term relation 

a\a 2 /— 



q 



-z (<£-<&) + |(1 - ai)(l - a 2 ) O + |^ - 1 j (O - O) = 0, 



where 



<b{a x ,a 2 ,z) = 2<? 







;q,z , O = Ol,^, , O = <D|. 
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(b) Contiguity relations 



Q>(ai,a2,z) - a 2 <$>(a l ,a2,qz) = (1 - a 2 ) <&(ai,qa2,Z), 
i>(a l ,a2/q,z) - <!>(»!, a 2 ,z) = (1 - a\) 0(qai, ai, z), 

q 

a\oi2Z <&(a\,qa2,qz) = O - (1 - a2z) <E(ari, qce2,z). 



(3) Decoupling factors 



(4) Identification 



H = 



2 2 ' 



K 



2 2 ' 

qa^a^ 



, H 

k = — = q, k — t. 
K H 



1 F 

/=-— , F oc Q(ai,ai2,z), G cc <i)(ai,qa2,z), 
k G 



with parameters given in eq.j93t. 

(5) Gauge factors 
Putting 



we have: 



F = 6{a>\ , a 2 , z)<5(q'i ,ce 2 ,z), G — 6{a x , qa 2 , z)<5(q'i , qa 2 , z), 



9(a\,a2,qz) , 9(ai,qa 2 ,z) 2 
= 1, — — = —a\a%,. 



6(a\,a>2,z) 



6{a\,a2,z) 



3.4 Case of (A 2 +A0 (1) 
3.4.1 Equation and Solution 

(1) ^-Painleve equation Eld El ED 



fli 

_ 1 + aotf ,, , 7 +g t . 
= ^0 TTTT ' Sff = bo t = qt. 



a t + f 



1 + 



Eq. dl05t admits two different specializations for hypergeometric solutions: (a) specialization of b, (paramet 
Ai), (b) specialization of a, (parameter of A 2 ). See also |7 8 1 for details. 



(2) Constraint on parameters 

(a) 

(b) 

(3) Hypergeometric solution 

(a) 



where 



with 



t 



1 - 



bo = q. 



a§a\ = q. 



<&(b,z) j _ g 2 f 



a\a\) ®(q 2 b,z) 



flQflj 



1 - 



_1 <&(q z b,q z z) 

q 2 <&(b, z) ' 



2 2 

Q ] 



9 9 9 9 9 9 

= g /a a l , z — q t /a v 
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(b) 

where 
with 

3.4.2 Data 

(1) Riccati equation 
(a) 

(b) 



a = a 2 / 2 , z = q/bo- (H3) 



_ [a\a\lq - a^qt 2 ) f - a qt \ 

f= n—- , g = -a ai (114) 

a Q tf +1 dot + f 

g-a b Q t 

g = : r-< f8 = ~ b o- (H5) 

a tg - b 



(2) Three-term and contiguity relations for hypergeometric function 
(a) (i) Three-term relation 



2 

(®(b, q 2 z) - 0(», z)) + 0(», z) + — (<!>(», z/^ 2 ) - $) = 0, (116) 



b - (<$>(b, q 2 z) - ®(b, z)) + ®(b, z) + - 

where 



®(b,z) = m\ ° u \q\z\. (117) 



(ii) Contiguity relations 



0(b,z)--^0(b,q 2 z) = \l- ^jQib/q 2 ^), (118) 
<D(b,z) - ®(b,z/q 2 ) = ^4 ®(q 2 b,z). (119) 

1-0 



(b) (i) Three-term relation 

az 



(1 - a)- (V(q 2 a,z) - V(a,z)) - -^{a,z) + (V(a/q 2 ,z) - V(a,z)) = 0, (120) 

o ;<? 4 



where 

v{a,z) = m\ ;; ■■■■■ ■ ]• 



(ii) Contiguity relations 



¥(a,z) - fl^fl,^) = (1 - ayV{q 2 a,z), (122) 

¥(a,z)-¥( 9 ,z/ 9 2 ) = (1 -a)\ y(q 2 a,z). (123) 

9 2 



(3) Decoupling factors 
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(a) 



(b) 



H 



1 H 1 ci 

#=-, #=1, £= — =-, k=— . 
g K q qt 



1 1 // 

A" = , A; = — = <7, k = anf- 



1 - a\f- ' 



(4) Identification 

(a) 



1 F 



/•=--, F oc <b(q 2 b, q 2 z), G oc <&(b,z), 

K G 



with parameters given in eq. dl 101 . 

(b) 

8 

with parameters given in eq. jl 1 31 . 

(5) Gauge factors 



IL Fx ygfa$ G oc ¥(a,q 2 z), 

K G 



(a) Putting 
we have: 

(b) Putting 
we have: 

3.5 Case of (A 1 +A\f l) 
3.5.1 Equation and Solution 

(1) q-Painleve equation I2II31IT81 

(2) Constraint on parameters 

(3) Hypergeometric solution 



F = 6(q z b, q z z)®(q l b, q L z), G = 9(b, Z)®(b, z), 



0(b,q 2 z) _ 1 6(q 2 b,z) _ 0(q 2 b,q 2 z) 



6(b,z) 



0(b,z) 0(b,z) 



2 V 



1- : 2 



F = 8(a, z)T(fl, z), G = 9{a, q 2 z) x ¥(a, q 2 z), 



0(q 2 a,z) _ j 9(a,q 2 z) _ 6(q 2 a,q 2 z) _ 1 



9(a,z) 



8{a,z) 6(a,z) b 



iff -1X//-1) 



at 2 f 
f + t' 



t = qt. 



a — q. 



. <&(qi) _ / 
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3.5.2 Data 



(1) Riccati equation 




(135) 



(2) Three-term relation 



®(qi) + f<t>(f) = ®(t/q). 



(136) 



(3) Identification 



/=-, F = ®(qt), G = (D(f). 



(137) 



We note that there is no need to introduce decoupling and gauge factors. 
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